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Abstract
I show that the novel dual path integral representation for finite temperature quantum field theory pro-
posed in [Phys. Rev. D 77, 105030 (2008)] is a well-known representation of quantum mechanics in terms
of symbols of operators.
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1
The formulation of quantum mechanics in terms of functions on the phase-space of an underlying
classical system was already considered by Moyal [1]. The striking feature of this representation
is that the classical limit of quantum dynamics becomes evident. In that limit, the quantum
Liouville (von Neumann) equation passes into the classical Liouville equation, symbols of quantum
operators turn out to be classical observables on the phase-space, the Wigner function, that is a
symbol of the density operator, becomes the Liouville probability density function. Besides, in
such a representation, a trace of an operator is simply an integral of the corresponding symbol over
the phase-space. The paper [2] illustrates some of these properties of the symbol representation
of quantum mechanics once again in the path integral framework. Notice that a path integral
representation of symbols of operators is also well-known (see, e.g., [3]).
Now we shall see that the partition function in the dual description [2] is a representation of
the trace of the (unnormalized) density operator by means of its symbol. Let us break the interval
of integration in Eq. (16) of [2] over DQ like in formula (7), i.e., from −T to 0, from 0 to β and
from β to T . In the limit T → +∞, similarly to Eq. (10) of [2] we have
Zs(β) = e
βE0
∫
dξ1dξ2
(2pi)2
〈0|
∫
DQe−S(Q)+i
R β
0
dτja(τ)Qa(τ)|0〉, (1)
where the integral in the action functional S(Q) is taken over the time interval [0, β]. Returning
to operators we obtain
Zs(β) =
∫
dξ1dξ2
2pi
〈0|e−β(H(pˆ+ξ1,qˆ+ξ2)−E0)|0〉
=
∫
dξ1dξ2
2pi
〈0|e−iξ1qˆeiξ2pˆe−β(H(pˆ,qˆ)−E0)e−iξ2pˆeiξ1qˆ|0〉 = Sp e−β(H(pˆ,qˆ)−E0). (2)
The integrand is exactly the symbol of the density operator. Such symbols were thoroughly studied
in [4, 5]. Furthermore, for a free model, when the Hamiltonian Hˆ is quadratic, the integrand
function is nothing but the Wick symbol of the density operator [3, 4, 5, 6]. The periodicity
condition for both phase-space variables in the path integral representation of the trace of the
density operator simply follows from (2) or the trace formula (6.12) of [5] and is pointed out, for
instance, in Eq. (5.6) of [3].
[1] J.E. Moyal, Proc. Cambridge Philos. Soc. 45, 99 (1949).
[2] C.C. Ttira, C.D. Fosco, A.P.C. Malbouisson, and I. Roditi, Phys. Rev. D 77, 105030 (2008),
arXiv:0803.1667.
[3] F.A. Berezin, Sov. Phys. Usp. 23, 763 (1980).
2
[4] J.R. Klauder, J. Math. Phys. 4, 1055 (1963); 4, 1058 (1963); 5, 177 (1964).
[5] J. McKenna and J.R. Klauder, J. Math. Phys. 5, 878 (1964).
[6] V. Bargmann, Commun. Pure Appl. Math. 14, 187 (1961).
3
